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Why do we say “Equal Roots” not “One root”?
𝑥 2 − 12𝑥 + 36 = 0
Using the quadratic formula gives us the
same value in both + and − cases: 𝑥 = 6.
You might wonder why we say “it has one
repeated root” or “it has equal roots”, i.e.
indicating we have 2 roots (but with the
same value). Why not say it has 1 root?
Despite the theorem being a simple statement, it was only
until 1806 that it was first proven by Argand. Clearly by using
the quadratic formula we can show a quadratic equation has
2 roots. We can use similar formulas to show that a cubic
has 3 roots and a quartic 4 roots. But there is provably no
such formulae for order 5 (quintics) and beyond. So we have
to prove for example that 5 roots exist for a quintic, despite
us having no way to find these exact roots!
One side result of the Fundamental Theorem of Algebra is
that every polynomial can be written as a product of linear
and/or quadratic expressions.
Leibniz claimed in 1702 that a polynomial of the form
𝑥 4 + 𝑎4 cannot be written in this way. He then got
completely burned by Euler in 1742 who managed to do so:
𝑥 4 + 𝑎4 = 𝑥 2 + 𝑎 2 𝑥 + 𝑎2 𝑥 2 − 𝑎 2 𝑥 + 𝑎2

It is due to the Fundamental
Theorem of Algebra:

“Every polynomial of order 𝑛
has exactly 𝑛 roots.”
A polynomial is an
expression with
non-negative integer
powers of 𝑥, i.e.
𝑎 + 𝑏𝑥 + 𝑐𝑥 2 + 𝑑𝑥 3 + ⋯
All linear, quadratic and
cubic expressions are
examples of polynomials.

The order of a
polynomial is
its highest
power of 𝑥. So
the order of a
quadratic is 2,
and a cubic 3.

There are various other ‘Fundamental
Laws’. The ‘FL of Arithmetic’ you
encountered at KS3, which states that
“every positive integer > 1 can be
written as a product of primes in one
way only”. You will encounter the ‘FL
of Calculus’ in Chapter 13.

These roots might be
repeated or might not be
‘real’ roots. −1 is known
as a complex number,
which you will encounter if
you do FM. But it is still a
value!
The theorem means that a
quadratic (order 2) will
always have 2 roots. This is
why you should say “no real
roots” when 𝑏 2 − 4𝑎𝑐 < 0
rather than “no roots”,
because there are still roots
– it’s just they’re not ‘real’!
Similarly we must say “equal
roots” because there are
still 2 roots.

